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Abstract

Using the finite element method, this study investigates the dynamic time responses of a flexible spinning
disk of which axis of rotation is misaligned with the axis of symmetry. The misalignment between the axes
of symmetry and rotation is one of major vibration sources in optical disk drives such as CD-ROM, CD-R,
CD-RW and DVD drives. Based upon the Kirchhoff plate theory and the von Karman strain theory, three
coupled equations of motion for the misaligned disk are obtained: two of the equations are for the in-plane
motion while the other is for the out-of-plane motion. After transforming these equations into two weak
forms for the in-plane and out-of-plane motions, the weak forms are discretized by using newly defined
annular sector finite elements. Applying the generalized-a time integration method to the discretized
equations, the time responses and the displacement distributions are computed and then the effects of
misalignment on the responses and the distributions are analyzed. The computation results show that the
misalignment has an influence on the magnitudes of the in-plane displacements. It is also found that the
misalignment results in the amplitude modulation or the beat phenomenon in the time responses of the out-
of-plane displacement.
r 2003 Elsevier Science Ltd. All rights reserved.

1. Introduction

Flexible spinning disks have wide application, for example, optical disks, hard disks and
circular saws. Optical disk drives such as CD-ROM, CD-R, CD-RW and DVD drives generally
demand higher data storage and faster data processing time. Because an optical disk is not
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permanently assembled to the spindle motor but removable from the turntable, it is practically
impossible to avoid the misalignment between the axis of rotation and the axis of symmetry. In
recently developed optical disk drives, the misalignment can be one of major vibration sources
that may cause read/write errors. Therefore, it is necessary to investigate the effect of
misalignment on the dynamic behaviours of a spinning disk.
Much research was carried out for the vibration of a spinning disk since Southwell et al. [1,2]

studied the free vibration of a flexible spinning disk. Some studies considered various loading and
boundary conditions [3–7]. Related to the topic of this paper, the effects of asymmetry on the disk
vibration were investigated by some authors. For example, Parker and Mote [8] presented
perturbation solutions to analytically determine the natural frequencies for nearly axisymmetric
annular or circular disks. They also analyzed the free vibration of coupled, asymmetric disk–
spindle systems in which both the disk and spindle are flexible [9]. Phylactopoulos and Adams
[10,11] studied the transverse free and forced vibrations of a rectangularly orthotropic spinning
disk. Kim et al. [12] investigated the effects of circumferentially varying model features on the
natural frequencies and modes. In addition, Chang and Wickert [13] analyzed the forced vibration
of a rotationally periodic structure when subjected to travelling wave excitation. Recently, using
the Galerkin method, the effects of misalignment on the natural frequencies for a spinning
disk were studied by Chung et al. [14]. In their study of the misaligned spinning disk, it was
assumed that the in-plane displacements were in equilibrium while the out-of-plane displacement
was in a dynamic state. Under this assumption, after the exact solutions for the in-plane
displacements were obtained from the stress equilibrium, the exact solutions were plugged into the
equation of the out-of-plane motion. Even though this method is convenient to compute the out-
of-plane natural frequencies, it cannot analyze dynamic characteristics of the in-plane motion.
Therefore, the study needs to be extended in order to include both the in-plane and out-of-plane
motions.
In this paper, dynamic time responses of a spinning disk, of which axis of rotation is mis-

aligned with the axis of symmetry, are analyzed by using the finite element method. Under the
condition that the in-plane and out-of plane displacements are in a dynamic state, three
equations of motion for the misaligned spinning disk are derived from Hamilton’s principle.
After transforming the equations of motion into two weak forms, these weak forms are dis-
cretized by using newly defined annular sector finite elements. The discretized equations
are verified by comparing the natural frequencies computed in this paper with the results
of reference [14]. Furthermore, the dynamic time responses of the misaligned spinning disk
are computed by applying the generalized-a method [15] to the discretized equations. By
investigating the computed dynamic responses, the effects of misalignment on the responses are
analyzed.

2. Equations of motion

Consider a flexible spinning disk with misalignment e; as shown in Fig. 1, where the axis of
symmetry, C; is misaligned with the axis of rotation, O: Therefore, non-zero misalignment implies
that the axis of symmetry does not coincide with the axis of rotation. The flexible spinning disk
with thickness h rotates about O with angular speed O and angular acceleration ’O: The disk is
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clamped at the inner radius r ¼ a by a rigid clamp and is free at the outer radius r ¼ b: The motion
of the disk can be described by two co-ordinate systems: the XYZ and xyz co-ordinate systems.
The XYZ co-ordinate system is a space-fixed co-ordinate system with the origin on the axis of
rotation while the xyz co-ordinate system is a body-fixed co-ordinate system with the origin on the
axis of symmetry. Hence, the unit vectors er and ey in the xyz co-ordinate system rotate along with
the disk and the co-ordinates r and y are measured in the xyz co-ordinate system. In this paper,
the equations of motions and all the associated motions are described in the body-fixed xyz

coordinate system.
From the Kirchhoff plate theory, the displacements of the flexible spinning disk at time t may

be written as

urðr; y; z; tÞ ¼ uðr; y; tÞ � z
@wðr; y; tÞ

@r
; uyðr; y; z; tÞ ¼ vðr; y; tÞ � z

@wðr; y; tÞ
r@y

;

uzðr; y; z; tÞ ¼ wðr; y; tÞ; ð1Þ

where ur; uy and uz are the displacements of a point in the disk in the r; y and z directions,
respectively, and u; v and w are the displacements of a point on the neutral surface of the disk in
each direction. It should be noted that u; v and w are functions of t; r and y since the disk is not
axisymmetric due to misalignment e:
The strain energy of the flexible disk is obtained from

U ¼
1

2

Z
A

eTs dA; ð2Þ

where e is the strain vector, s is the stress vector, and A is the area of the disk. In order to consider
the coupling effect between the in-plane displacements of u and v and the out-of-plane
displacement of w; the von Karman displacement–strain relations [16] are used. In this case, the
strain vector may be represented by

e ¼
eL

p þ eN
p

eL
b

( )
; ð3Þ

Fig. 1. Schematics of a spinning annular disk with misalignment.
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where eL
p and eN

p are the linear and non-linear strain components, respectively, due to the in-plane
stress while eL

b is the linear curvature changes due to the bending stress:

eL
p ¼

@u

@r
;

@v

r@y
þ

u

r
;

@u

r@y
þ
@v

@r
�

v

r

� �T

; eN
p ¼

1

2

@w

@r

� �2

;
1

2

@w

r@y

� �2

;
@w

@r

@w

r@y

( )T

;

eL
b ¼ �

@2w

@r2
;�

@w

r@r
þ

@2w

r2@y2

� �
;�2

@2w

r@r@y
�

@w

r2@y

� �� �T

: ð4Þ

In Eqs. (3) and (4), the subscripts p and b denote the in-plane and bending contributions,
respectively, whereas the superscripts L and N represent the linear and non-linear strains.
The stress–strain relation for homogeneous, isotropic, elastic and Hookean material is used in

this study. Since the thickness h is much smaller than other dimensions, the stress state of the disk
is under the plane-stress condition. In this case, the stress–strain relation can be written as

s ¼ De; ð5Þ

where

s ¼
sp

sb

( )
; D ¼

Dp 0

0 Db

" #
: ð6Þ

In Eq. (6), sp and sb represent the linearized internal force vector and the internal moment vector,
respectively; Dp and Db are the elasticity matrices for the extensible rigidity and flexural rigidity:

sp ¼ fqr; qy; qryg
T; sb ¼ fmr;my;mryg

T; ð7Þ

Dp ¼ D0

1 n 0

n 1 0

0 0 ð1� nÞ=2

2
64

3
75; Db ¼ D

1 n 0

n 1 0

0 0 ð1� nÞ=2

2
64

3
75; ð8Þ

where

D0 ¼
Eh

1� n2
; D ¼

Eh3

12ð1� n2Þ
: ð9Þ

In the above equations, E and n are Young’s modulus and the Poisson ratio, qr; qy and qry are the
linearized internal forces per unit length of the neutral surface, and mr; my and mry are the internal
moments per unit length of the neutral surface. The linearized internal forces and the moments
may be expressed in terms of the displacements u; v and w:

qr ¼ D0
@u

@r
þ n

u

r
þ

@v

r@y

� �� �
; qy ¼ D0 n

@u

@r
þ

u

r
þ

@v

r@y

� �� �
; qry ¼

1� n
2

D0
@v

@r
þ

@u

r@y
�

v

r

� �
; ð10Þ

mr ¼ �D
@2w

@r2
þ n

@w

r@r
þ

@w

r2@y

� �� �
; my ¼ �D n

@2w

@r2
þ

@w

r@r
þ

@w

r2@y

� �
;

mry ¼ �ð1� nÞD
@2w

r@r@y
�

@w

r2@y

� �
: ð11Þ
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The kinetic energy can be expressed in terms of the velocity vector of a point in the disk. The
velocity vector is obtained by differentiating the displacement vector

r ¼ r þ u � z
@w

@r
þ e cos y

� �
er þ v � z

@w

r@y
� e sin y

� �
ey þ wez; ð12Þ

with respect to time. Then the velocity vector may be written as

v ¼ vp � zvb; ð13Þ

where vp and vb are the in-plane and bending contributions, respectively:

vp ¼
@u

@t
� Ov þ eO sin y

� �
er þ

@v

@t
þ Oðr þ uÞ þ eO cos y

� �
ey þ

@w

@t
ez; ð14Þ

vb ¼
@2w

@t@r
� O

@w

r@y

� �
er þ

@2w

r@t@y
þ O

@w

@r

� �
ey: ð15Þ

Since the thickness h is very small, the rotary inertia effect is negligible. Therefore, the kinetic
energy T is approximated to

T ¼
1

2
rh

Z
A

vp � vp dA; ð16Þ

where r is the mass density of the disk. The non-conservative virtual work dWnc done by the
external pressure Pw in the z direction can be written as

dWnc ¼
Z

A

Pwdw dA ð17Þ

The equations of motion and the boundary conditions are derived from Hamilton’s principle

d
Z t2

t1

ðT � U þ WncÞ dt ¼ 0; ð18Þ

where t1 and t2 are arbitrary time. Introducing Eqs. (2), (16) and (17) into Eq. (18), the equations
of motion are obtained as

rh
@2u

@t2
� 2O

@v

@t
� O2u � ’Ov

� �
�

@qr

@r
�

@qry

r@y
�

qr � qy

r
¼ rhO2ðr þ e cos yÞ � rhe ’O sin y; ð19Þ

rh
@2v

@t2
þ 2O

@u

@t
� O2v þ ’Ou

� �
�

@qy

r@y
�

@qry

@r
� 2

qry

r
¼ �rheO2 sin y� rh ’Oðr þ e cos yÞ; ð20Þ

rh
@2w

@t2
þ Dr4w �

@

r@r
r qr

@w

@r
þ qry

@w

r@y

� �� �
�

@

r@y
qry

@w

@r
þ qy

@w

r@y

� �
¼ Pz; ð21Þ

where

r2 ¼
@2

@r2
þ

@

r@r
þ

@2

r2@y2
: ð22Þ
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The associated boundary conditions are given by

u ¼ v ¼ w ¼
@w

@r
¼ 0 at r ¼ a; ð23Þ

qr ¼ qry ¼ mr ¼ �D
@r2w

@r
þ

@mry

r@y
¼ 0 at r ¼ b: ð24Þ

Note that Eqs. (19) and (20) for the in-plane displacements are linear equations, where only the in-
plane displacements u and v are coupled with each other. On the other hand, Eq. (21) for the out-
of-plane displacement is a non-linear equation. The out-of-displacement w is coupled with the in-
plane displacements u and v because qr; qy and qry are functions of u and v: Therefore, it is
expected that misalignment e affects the in-plane displacements u and v as well as the out-of-plane
displacement w:

3. Finite element formulation

Using the finite element method, numerical solutions are obtained from the partial differential
Eqs. (19)–(21) and the boundary conditions of Eqs. (23) and (24). After the weak forms or the
variational forms are derived, the spatial discretization of the weak forms leads to the initial value
problem that consists of the ordinary differential equations and the corresponding initial
conditions. Before deriving the weak forms, it is necessary to define the trial and weighting
functions. For the two-dimensional domain A of the disk, a function j in the Hilbert space H1

should satisfy the following conditions: (1) j is continuous on A, (2) @j=@r and @j=@y
are piecewise continuous, and (3)

R
A
ð@j=@rÞ2 dA and

R
A
ð@j=r@yÞ2 dA are less than the

infinity. The trial function is defined as a function in the Hilbert space H1; satisfying
all the boundary conditions, namely, both the essential and natural boundary conditions.
On the other hand, the weighting function is defined as an arbitrary function in the H1

space, which should be zero on the boundaries where the essential boundary conditions are
prescribed. In this study, the trial functions for the displacements in the r, y and z directions are
denoted by u, v and w, respectively. The corresponding weighting functions are represented by

%u; %v and %w:
The weak forms are derived from the strong forms given by the partial differential equations

and the corresponding boundary conditions. Since Eqs. (19) and (20) are coupled equations
between only u and v but Eq. (21) is a coupled equation between u; v and w; two weak forms are
derived in this study: one is for the in-plane motion and the other is for the out-of-plane motion.
The weak form for the in-plane motion is obtained by multiplying Eqs. (19) and (20) by the
weighting functions %u and %v; respectively, summing the equations, and then integrating the
resultant equation by parts over the disk area A with the divergence theorem. The weak form for
the in-plane motion can be expressed as

rh

Z
A

%uTp
@2up

@t2
dA þ 2Orh

Z
A

%uTpS
@up

@t
dA � O2rh

Z
A

%uTp up dA þ ’Orh

Z
A

%uTpSup dA

þ
Z

A

ð%eL
p Þ

TDp%e
L
p dA ¼

Z
A

%uTp fp dA; ð25Þ

J.W. Heo et al. / Journal of Sound and Vibration 262 (2003) 25–4430



where

up ¼
u

v

( )
; %up ¼

%u

%v

( )
; S ¼

0 �1

1 0

" #
; fp ¼

rhO2ðr þ e cos yÞ � rhe ’O sin y

�rheO2 sin y� rh ’Oðr þ e cos yÞ

( )
: ð26Þ

Similarly, the weak form for the out-of-plane motion is derived by multiplying Eq. (21) by the
weighting function %w and then integrating the equation by parts:

rh

Z
A
%w
@2w

@t2
dA þ

Z
A

ð%eL
b Þ

TDbe
L
b dA þ

Z
A

%h
T
Qh dA ¼

Z
A
%wPz dA; ð27Þ

where

h ¼

@w

@r
@w

r@y

8><
>:

9>=
>;; %h ¼

@ %w

@r
@ %w

r@y

8><
>:

9>=
>;; Q ¼

qr qry

qry qy

" #
: ð28Þ

Next, consider the finite element discretization of the weak forms given by Eqs. (25) and (27).
As shown in Fig. 2, by using newly defined annular sector elements, the flexible spinning disk is
discretized. The annular sector element is a polar co-ordinate version of the four-node rectangular
element. Hence, if transforming the polar co-ordinates to the rectangular co-ordinates, the
annular sector element is mapped onto the rectangular element. The annular sector element is
more efficient than the three-node triangular element and the four-node quadrilateral element,
because the element has no geometric discretization error at the curved boundaries. Denoting the
polar co-ordinates of the element centre by rc and yc; the co-ordinates of a point on the element
can be expressed as

r ¼ rc þ
Dr

2
x; y ¼ yc þ

Dy
2
Z; for 0pxp1; 0pZp1; ð29Þ

where x and Z are co-ordinates in the parametric space, and Dr and Dy define the element
size.
The in-plane and out-of-plane displacements at an arbitrary point in element e can be

approximated by polynomials with respect to r and y: In this paper, the in-plane and out-of-plane
displacements in the four-node annular sector element are approximated by the linear Lagrange

θ∆ r∆

),( ccr θ

)1(

)2(

)3(

)4(

(a) (b)

Fig. 2. Finite element model: (a) the annular sector element; and (b) construction of a finite element model.
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and cubic Hermit polynomials, respectively. Therefore, polynomial approximations of u; v and w

are given by

u ¼ a1 þ a2r þ a3yþ a4ry; v ¼ b1 þ b2r þ b3yþ b4ry; ð30Þ

w ¼ c1 þ c2r þ c3yþ c4ryþ c5r
2 þ c6y

2 þ c7r
2yþ c8ry

2 þ c9r
2y2

þ c10r
3 þ c11y

3 þ c12r
3yþ c13ry

3 þ c14r
3y2 þ c15r

2y3 þ c16r
3y3: ð31Þ

In Eqs. (30) and (31), the coefficients, ai; bi and ci can be determined from information given at the
four nodes of the annular sector element. The coefficients ai and bi are expressed in terms of the
nodal displacements uj and vj for j ¼ 1; 2; 3; 4: On the other hand, the coefficients ci can be also
expressed in terms of the nodal values wj; ð@w=@rÞj; ð@w=@yÞj and ð@2w=@r@yÞj: Note that the four-
node annular sector element is the conforming element because the element satisfies the C1-
continuity and zero twist conditions for the out-of-plane displacement [17].
The trial functions for the in-plane and out-of-plane displacements may be expressed by

up ¼ NT
p d

e
p; w ¼ NT

b d
e
b; ð32Þ

where Np and Nb are the shape function matrices for the in-plane and out-of-plane displace-
ments, respectively; de

p and de
b are the in-plane and out-of-plane element displacement vectors

given by

de
p ¼ fu1; v1;?; u4; v4g

T;

de
b ¼ fw1; ð@w=@rÞ1; ð@w=@yÞ1; ð@

2w=@r@yÞ1;y;w4; ð@w=@rÞ4; ð@w=@yÞ4; ð@
2w=@r@yÞ4g

T: ð33Þ

The shape function matrices Np and Nb are the 8
 2 and 16
 1 matrices, which are functions of r

and y: Similarly, the associated weighting functions are given by

%up ¼ NT
p
%d

e

p; %w ¼ NT
b
%d

e

b; ð34Þ

where %d
e

p and %d
e

b are arbitrary vectors:

%d
e

p ¼ f %u1; %v1;y; %u4; %v4g
T;

%d
e

b ¼ f %w1; ð@ %w=@rÞ1; ð@ %w=@yÞ1; ð@
2
%w=@r@yÞ1;y; %w4; ð@ %w=@rÞ4; ð@ %w=@yÞ4; ð@

2
%w=@r@yÞ4g

T: ð35Þ

The strains and slopes in an element can also be expressed in terms of the nodal information.
Substituting the displacements of Eqs. (32) into the linear strains of Eqs. (4), the linear strains can
be rewritten as

eL
p ¼ Bpd

e
p; eL

b ¼ Bbd
e
b; ð36Þ

where Bp and Bb are the 3
 8 and 3
 16 matrices, which are functions of r and y: Similarly,
introducing the second equation of Eq. (32) to the first equation of Eq. (28), the y matrix may be
expressed as

y ¼ NT
y d

e
b; ð37Þ

where Ny is the 2
 16 matrix function of r and y: Meanwhile, the weighting functions for eL
p ; e

L
b

and y are given by

%eL
p ¼ Bp

%d
e

p; %eL
b ¼ Bb

%d
e

b; %y ¼ NT
y
%d

e

b; ð38Þ
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The weak forms of Eqs. (25) and (27) are discretized by using the four-node annular sector
elements defined in the above. After discretizing the domain A into Ne elements, i.e., the
subdomains Ae; e ¼ 1; 2;y;Ne; as shown in Fig. 2b, introduction of Eqs. (32), (34) and (36)–(38)
to Eqs. (25) and (27) yields descretized equations. The discretized equation for the in-plane
motion is

XNe

e¼1

ð%de

pÞ
T½me

p
.d

e

p þ 2Oge
p
’d

e

p þ ðke
p � O2me

p þ ’Oge
pÞd

e
p� ¼

XNe

e¼1

ð%de

pÞ
Tfe

p; ð39Þ

where me
p; g

e
p and ke

p are the element mass, the element gyroscopic and the element stiffness
matrices for the in-plane motion; fe

p is the elment load vector for the in-plane motion. These
element matrices and vector are given by

me
p ¼ rh

Z
Ae

NpN
T
p dA; ge

p ¼ rh

Z
Ae

NpSN
T
p dA; ke

p ¼
Z

Ae

BT
pDpBp dA; fe

p ¼
Z

Ae

Npfp dA: ð40Þ

In a similar way, the discretized equation for the out-of-plane motion is derived as

XNe

e¼1

ð%de

bÞ
T½me

b
.d

e

b þ ðke
b þ ke

yÞd
e
b� ¼

XNe

e¼1

ð%de

bÞ
Tfe

b; ð41Þ

where me
b; k

e
b and ke

y are the element mass, the element stiffness and the element rotation-induced
stiffness matrices for the out-of-plane motion and fe

b is the element load vector for the out-of-
plane motion:

me
b ¼ rh

Z
Ae

NbN
T
b dA; ke

b ¼
Z

Ae

BT
bDbBb dA; ke

y ¼
Z

Ae

NyQN
T
y dA; fe

b ¼
Z

Ae

PzNb dA: ð42Þ

It should be noted that ke
y results from the membrane stresses due to rotation and it is a function

of the in-plane displacement vectors de
p:

The global matrix–vector equations are obtained by assembling the element matrices and
vectors. Since %d

e

p and %d
e

b are arbitrary vectors, Eqs. (39) and (41) can be transformed to the global
matrix–vector equations. By assembling the element matrices and vectors, the global equation for
the in-plane motion is obtained as

Mp
.dp þ 2OGp

’dp þ ðKp � O2Mp þ ’OGpÞdp ¼ fp; ð43Þ

where dp is the global in-plane displacement vector, Mp; Gp and Kp are the global mass, global
gyroscopic and global stiffness matrices for the in-plane motion, respectively, and fp is the global
in-plane load vector. On the other hand, the global equation for the out-of-plane motion is written
as

Mb
.db þ ½Kb þ KyðdpÞ�db ¼ fb; ð44Þ

where db is the global out-of-plane displacement vector;Mb; Kb and Ky are the global mass, global
stiffness and global rotation-induced stiffness matrices for the out-of-plane motion; fb is the
global out-of-plane load vector. Since the matrix Ky is a function of the in-plane displacement
vector dp; Eq. (44) is a non-linear equation, strictly speaking. However, after dp is determined
from Eq. (43), Eq. (44) can be treated as a linear equation for the out-of-plane dispacement
vector db:
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4. Verification of the finite element model

The finite element model for the spinning disk with misalignment is verified by the natural
frequencies computed by the proposed method. Neglecting all the transient terms from Eq. (43),
the in-plane equilibrium position vector dnp can be determined from

ðKp � O2MpÞdnp ¼ fp: ð45Þ

Since the in-plane equation of motion linearized around the equilibrium position dnp is obtained as

Mp
.dp þ 2OGp

’dp þ ðKp � O2MpÞdp ¼ 0; ð46Þ

the in-plane natural frequencies can be computed from

ðKp � O2Mp þ 2iOGp � o2
pMpÞXp ¼ 0; ð47Þ

where i ¼
ffiffiffiffiffiffiffi
�1

p
; op is the in-plane natural frequency and Xp is the corresponding mode vector. On

the other hand, since the out-of-plane equilibrium position vector dnb is equal to zero, the
linearized version of Eq. (44) in the neighbourhood of the equilibrium position is written as

Mb
.db þ ½Kb þ KyðdnpÞ�db ¼ 0; ð48Þ

where KyðdnpÞ is the tangent matrix of KyðdpÞ at the equilibrium position. Similarly to the in-plane
natural frequency, the out-of-plane natural frequency ob and the associated mode vector Xb are
computed from

½Kb þ KyðdnpÞ � o2
bMb�Xb ¼ 0: ð49Þ

In order to verify the proposed finite element model, the convergence of the natural frequencies
for the in-plane and out-of-plane motions is not only examined but the computed natural
frequencies are also compared to those of the previous studies. For computation in this study, the
material properties and dimensions are given by b ¼ 0:065m, h ¼ 0:0012m, r ¼ 1200 kg=m3;
n ¼ 0:3 and E ¼ 65:5
 106 N=m2: First, consider the convergence of the natural frequencies for
the stationary disk with a=b ¼ 0:5 when the disk has no misalignment. The convergence of the in-
plane natural frequencies is presented in Table 1, where M and N represent the numbers of
elements in the radial and tangential directions, respectively. Table 1 shows that the in-plane
natural frequencies converge as M and N increase. The natural frequencies computed with M ¼
10 and N ¼ 32 have very small differences from the natural frequencies computed by Srinivasan
and Ramamurti [18]. The differences are 0.098%, 0.190%, 0.749% and 1.792% for the first,
second, third and fourth modes, respectively. Similarly, as shown in Table 2, the out-of-plane
natural frequencies of the stationary disk converge to the exact solutions provided by Mote [19].
Mode (m, n) of Table 2 stands for a mode that has m nodal circles and n nodal diameters.
Another convergence test are performed for the natural frequencies of the disk with a=b ¼ 3=13

when the disk has non-zero spinning speed and misalignment. The convergence characteristics of
the in-plane and out-of-plane natural frequencies when O ¼ 1000 rad=s and e=b ¼ 0:2 are
presented in Tables 3 and 4. These tables demonstrate that the in-plane and out-of-plane natural
frequencies converge with the number of elements. Comparison of the computed in-plane natural
frequencies with other solutions is not included in Table 3, because there is no pervious study on
the in-plane natural frequencies for the misaligned spinning disk. Table 4 shows that the
converged out-of-plane natural frequencies are slightly different from the results of Ref. [14]. In
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Table 4, the subscripts s and a represent the symmetric and asymmetric modes generated due to
misalignment. These differences are caused by the fact that the in-plane displacements in Ref. [14] are
computed from static equilibrium conditions. This means that the in-plane displacements are
determined by neglecting the in-plane inertia terms. When the in-plane inertia terms are neglected, that
is, when the in-plane displacements are determined from Kpd

n

p ¼ fp instead of Eq. (45), the out-of-
plane natural frequencies converge to those of Ref. [14], as shown in Table 5. Consequently, it may be
concluded that the natural frequencies of Table 4 are more accurate than those of Table 5.

5. Dynamic time responses

Dynamic time responses of the misaligned spinning disk are computed numerically by applying
the generalized-a time integration method [15] to Eqs. (43) and (44). Since the matrix–vector
equation for the in-plane motion, given by Eq. (43), is not coupled with the out-of-plane
displacement, the time responses for the in-plane displacements can be obtained from only
Eq. (43). The generalized-a method for Eq. (43) can be expressed as

Mpa
p
nþ1�am

þ 2OGpv
p
nþ1�af

þ ðKp � O2Mp þ ’OGpÞd
p
nþ1�af

¼ f
p
nþ1�af

; ð50Þ

Table 1

Convergence characteristics of the natural frequencies (rad/s) for the in-plane motion when O ¼ ’O ¼ 0; a=b ¼ 0:5 and

e ¼ 0

Mode M N

8 16 24 32

First 4 4425.2771 4425.2771 4425.2771 4425.2771

6 4410.3228 4410.3228 4410.3228 4410.3228

8 4405.0983 4405.0983 4405.0983 4405.0983

10 4402.6816 4402.6816 4402.6816 4402.6816

Ref. [18] 4398.3687

Second 4 5937.9237 5871.6487 5859.7305 5855.5857

6 5921.5516 5855.0190 5843.0578 5838.8982

8 5915.7647 5849.1416 5837.1652 5833.0004

10 5913.0752 5846.4102 5834.4268 5830.2596

Ref. [18] 5819.9220

Third 4 9501.6901 8763.8408 8640.8246 8598.8397

6 9472.1547 8730.4692 8607.1146 8565.0345

8 9461.5451 8718.4879 8595.0130 8552.8992

10 9456.5829 8712.8854 8589.3545 8547.2251

Ref. [18] 8483.6721

Fourth 4 12095.5368 11383.1151 10985.9642 10855.6500

6 12021.6871 11296.0851 10896.6447 10765.8360

8 11992.9633 11265.1609 10864.8535 10733.8494

10 11979.6419 11250.7575 10850.0374 10718.9388

Ref. [18] 10530.2776
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where

d
p
nþ1�af

¼ ð1� af Þd
p
nþ1 þ af d

p
n; v

p
nþ1�af

¼ ð1� af Þv
p
nþ1 þ af v

p
n;

a
p
nþ1�am

¼ ð1� amÞa
p
nþ1 þ ama

p
n; f

p
nþ1�af

¼ fpðð1� af Þtnþ1 þ af tnÞ;

d
p
nþ1 ¼ dp

n þ Dtvp
n þ ð1=2� bÞDt2ap

n þ bDt2a
p
nþ1; v

p
nþ1 ¼ vp

n þ ð1� gÞDtap
n þ gDta

p
nþ1; ð51Þ

in which am; af ; b and g are the algorithmic parameters; Dt is the time step size, i.e., Dt ¼ tnþ1 � tn;
dp

n; v
p
n and ap

n are approximations to dp; ’dp and .dp; respectively. On the other hand, application of
the generalized-a method to the out-of-plane equation of motion, given by Eq. (44), leads to

Mba
b
nþ1�am

þ ½Kp þ Kyðd
p
nþ1�af

Þ�db
nþ1�af

¼ fb
nþ1�af

; ð52Þ

where

db
nþ1�af

¼ ð1� af Þdb
nþ1 þ af d

b
n; vb

nþ1�af
¼ ð1� af Þvb

nþ1 þ af v
b
n;

ab
nþ1�am

¼ ð1� amÞab
nþ1 þ ama

b
n; fb

nþ1�af
¼ fbðð1� af Þtnþ1 þ af tnÞ;

db
nþ1 ¼ db

n þ Dtvb
n þ ð1=2� bÞDt2ab

n þ bDt2ab
nþ1; vb

nþ1 ¼ vb
n þ ð1� gÞDtab

n þ gDtab
nþ1; ð53Þ

Table 2

Convergence characteristics of the natural frequencies (rad/s) for the out-of-plane motion when O ¼ ’O ¼ 0; a=b ¼ 0:5
and e ¼ 0

Mode M N

8 16 24 32

(0,0) 4 261.5639 261.5639 261.5639 261.5639

6 261.5391 261.5391 261.5391 261.5391

8 261.5348 261.5348 261.5348 261.5348

10 261.5336 261.5336 261.5336 261.5336

Ref. [19] 261.5329

(0,1) 4 266.9062 266.9056 266.9055 266.9055

6 266.8737 266.8731 266.8731 266.8731

8 266.8680 266.8674 266.8674 266.8674

10 266.8664 266.8658 266.8658 266.8658

Ref. [19] 266.8646

(0,2) 4 295.4806 295.3449 295.3375 295.3362

6 295.4205 295.2848 295.2773 295.2760

8 295.4094 295.2737 295.2662 295.2650

10 295.4063 295.2706 295.2631 295.2619

Ref. [19] 295.2590

(0,3) 4 375.5433 373.0540 372.9067 372.8814

6 375.4382 372.9483 372.8009 372.7756

8 375.4177 372.9277 372.7803 372.7550

10 375.4118 372.9217 372.7743 372.7491

Ref. [19] 372.7320
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in which db
n; v

b
n and ab

n are approximations to db; ’db and .db; respectively. Note that Eq. (52) is a
non-linear equation because the out-of-plane displacement vector db

nþ1�af
is multiplied by the in-

plane displacement vector d
p
nþ1�af

: However, at each time step, once the in-plane displacement
vector is determined by Eqs. (50) and (51), Eq. (52) becomes a linear equation for the out-of-plane
displacement vector. Consequently, the use of a non-linear equation solver, e.g., the Newton–
Raphson method, can be avoided, even if Eq. (52) is intrinsically non-linear.
To verify the computation method proposed in this paper, the dynamic time responses of the in-

plane and out-of-plane displacements are compared with the time responses presented in Ref. [7]
when the spinning disk has no misalignment, i.e., when e ¼ 0: The material properties and
dimensions for computation are the same as those of the above computation except the inner
radius a that is given by a=b ¼ 0:268: The zero initial conditions are applied to the disk and the
unit impulsive pressure is applied in the z direction. The angular spinning speed and the
corresponding acceleration are defined by

O ¼

3000 t for 0ptp0:1;

300 for 0:1ptp0:3;

�3000 t þ 1200 for 0:3ptp0:4;

8><
>: ð54Þ

where the units of O and t are rad/s and s, respectively. Under this condition, the time responses
are computed by using 240 uniform annular sector elements. The time responses for the in-plane
and out-of-plane displacements are plotted in Fig. 3, where the solid and dotted lines represent the

Table 3

Convergence characteristics of the in-plane natural frequencies (rad/s) for the disk when O ¼ 1000 rad/s, ’O ¼ 0 rad=s2;
a=b ¼ 3=13 and e=b ¼ 0:2

Mode

M N First Second Third Fourth

4 8 1193.0261 3020.0777 4483.0893 6540.7180

16 1193.0261 2895.9096 4358.9330 5462.8217

24 1193.0261 2873.8387 4336.5290 5283.9194

32 1193.0261 2866.1816 4328.7324 5222.9675

6 8 1177.2158 2991.2514 4471.6461 6500.1545

16 1177.2158 2865.5652 4346.3377 5409.7905

24 1177.2158 2843.2284 4323.7273 5228.5180

32 1177.2158 2835.4795 4315.8590 5166.7382

8 8 1171.0595 2980.2714 4467.0432 6485.1987

16 1171.0595 2853.9982 4341.2825 5390.0581

24 1171.0595 2831.5584 4318.5911 5207.8622

32 1171.0595 2823.7738 4310.6947 5145.7586

10 8 1168.0609 2974.9626 4464.7564 6478.0357

16 1168.0609 2848.4046 4338.7742 5380.5614

24 1168.0609 2825.9149 4316.0432 5197.9116

32 1168.0609 2818.1130 4308.1330 5135.6488
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time responses computed by the present study and Ref. [7], respectively. In Fig. 3, the present
method shows no difference in the in-plane displacements from Ref. [7] but a small difference in
the out-of-plane displacement. This difference may be caused by the fact that the present method
does not use a non-liner equation solver while the method of Ref. [7] does.
The effects of misalignment on the dynamic time responses of the in-plane and out-of-plane

displacements are investigated based on computation results from the proposed finite element
analysis. All the material properties and dimensions are the same as the previous computation
except the inner radius given by a=b ¼ 3=13: The spinning speed profile is given in Fig. 4, where
the angular speed linearly increases from zero to 1000 rad/s during 0.1 s and then it remains at a
constant speed. Similar to the previous computation, the uniform pressure of Pzðr; y; tÞ ¼ 0:1dðtÞ is
applied in the z direction. The disk is discretized with 240 annular sector elements and the time
step size is selected as Dt ¼ 0:0005s.
First, consider the effects of misalignment on the dynamic time responses of the in-plane

displacements. Fig. 5 shows the dynamic time responses of the radial and tangential displacements
at a point corresponding to r ¼ b and y ¼ p=4 when the spinning speed is prescribed by Fig. 4.
Fig. 5a shows that the patterns of the in-plane responses are similar regardless of misalignment
but the amplitudes of the responses are influenced by the misalignment. In the region of constant
angular speed, the radial displacement u oscillates about 0.7693 and 1.3374mm for misalignments

Table 4

Convergence characteristics of the out-of-plane natural frequencies (rad/s) for the disk when O ¼ 1000 rad/s, ’O ¼ 0

rad=s2; a=b ¼ 3=13 and e=b ¼ 0:2

M N Mode

(0, 0) (0, 1)s (0, 1)a (0, 2)s (0, 2)a (0, 3)s (0, 3)a

4 8 791.7123 1250.741 1130.310 1524.730 1525.478 1911.851 1957.362

16 776.7704 1259.404 1131.055 1524.962 1525.432 1928.589 1930.412

24 773.8691 1260.953 1131.064 1524.582 1525.095 1927.012 1928.965

32 772.8428 1261.490 1131.056 1524.396 1524.924 1926.311 1928.313

6 8 782.7980 1243.314 1124.500 1521.914 1522.727 1910.776 1953.610

16 767.4241 1252.237 1125.397 1522.209 1522.768 1926.337 1928.210

24 764.4232 1253.827 1125.420 1521.826 1522.430 1924.743 1926.753

32 763.3604 1254.377 1125.415 1521.637 1522.257 1924.034 1926.096

8 8 778.7333 1240.077 1121.940 1520.260 1521.108 1909.520 1951.056

16 763.0889 1249.111 1122.906 1520.579 1521.179 1924.456 1926.379

24 760.0267 1250.718 1122.933 1520.192 1520.839 1922.846 1924.912

32 758.9416 1251.274 1122.930 1520.000 1520.665 1922.130 1924.251

10 8 776.6247 1238.495 1120.657 1519.352 1520.220 1908.732 1949.542

16 760.8172 1247.589 1121.657 1519.683 1520.309 1923.308 1925.265

24 757.7184 1249.204 1121.686 1519.293 1519.967 1921.687 1923.791

32 756.6199 1249.762 1121.683 1519.100 1519.792 1920.966 1923.127

Ref. [14] 767.8218 1234.090 1115.989 1511.689 1512.136 1916.746 1918.082
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Table 5

Convergence characteristics of the out-of-plane natural frequencies (rad/s) for the disk with O ¼ 1000 rad/s, a=b ¼ 3=13
and e=b ¼ 0:2 when the in-plane equilibrium position is computed by ignoring the in-plane inertia term

Mode

M N (0, 0) (0, 1)s (0, 1)a (0, 2)s (0, 2)a (0, 3)s (0, 3)a

4 8 799.1636 1235.796 1123.488 1516.763 1517.200 1910.016 1949.331

16 786.6104 1243.391 1124.173 1517.194 1517.458 1925.709 1926.886

24 784.1980 1244.741 1124.189 1516.928 1517.220 1924.552 1925.805

32 783.3467 1245.208 1124.185 1516.790 1517.092 1924.027 1925.308

6 8 790.5888 1228.216 1117.648 1513.888 1514.380 1908.710 1945.658

16 777.7293 1236.012 1118.464 1514.387 1514.720 1923.375 1924.567

24 775.2456 1237.393 1118.491 1514.120 1514.483 1922.214 1923.484

32 774.3681 1237.871 1118.490 1513.981 1514.354 1921.686 1922.985

8 8 786.7168 1224.936 1115.090 1512.238 1512.758 1907.388 1943.206

16 773.6605 1232.820 1115.966 1512.765 1513.129 1921.523 1922.738

24 771.1324 1234.214 1115.997 1512.496 1512.891 1920.354 1921.650

32 770.2387 1234.695 1115.997 1512.355 1512.761 1919.823 1921.149

10 8 784.7208 1223.337 1113.813 1511.338 1511.874 1906.573 1941.761

16 771.5443 1231.269 1114.719 1511.880 1512.262 1920.405 1921.637

24 768.9894 1232.669 1114.752 1511.609 1512.023 1919.231 1920.545

32 768.0859 1233.152 1114.753 1511.468 1511.892 1918.697 1920.042

Ref. [14] 767.8218 1234.090 1115.989 1511.689 1512.136 1916.746 1918.082
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Fig. 3. Comparison of the dynamic time responses for (a) the in-plane displacements and (b) the out-of-plane

displacements between the present study and Ref. [7] when a=b ¼ 0:268 and e ¼ 0: ———, present study; yyy

Ref. [7].
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of e=b ¼ 0 and e=b ¼ 0:2; respectively. The average value of u ¼ 0:7693mm in the constant speed
region has a very small difference from the exact solution of 0.7672mm given by Timoshenko and
Goodier [20]. The tangential displacement is also affected by the misalignment. Fig. 5b illustrates
that the tangential displacement of a point corresponding to r ¼ b and y ¼ p=4 oscillates about
zero when the disk has no misalignment. However, for the disk with misalignment e=b ¼ 0:2; the
tangential displacement of the same point oscillates about v ¼ �0:9426mm.
The effect of misalignment on the in-plane displacements can also be described by a deformed

shape of the disk when the misaligned spinning disk is in a steady sate. In Fig. 6, the solid line
represents the deformed shape while the dashed line represents the undeformed shape. The
deformed shape is amplified with a scale factor of 5. It is observed that the deformed shape is not
axisymmetric but it is symmetric with respect to the x-axis, namely, the extended line connecting
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Fig. 4. Angular speed profile of the spinning disk.
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Fig. 5. Dynamic time responses of the in-plane displacements at r ¼ b and y ¼ p=4 for the angular speed profile of

Fig. 4 when a=b ¼ 3=13: (a) the radial displacement u; and (b) the tangential displacement v:
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Fig. 6. Deformed shape of the disk due to the in-plane displacements when a=b ¼ 3=13; O ¼ 1000 rad/s, ’O ¼ 0 and
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w
 (

m
m

)

-4

-2

0

2

4

t (s)
0.0 0.1 0.2 0.3 0.4 0.5

w
 (

m
m

)

-4

-2

0

2

4

w
 (

m
m

)

-4

-2

0

2

4

(a)

(b)

(c)

Fig. 7. Dynamic time responses of the out-of-plane displacement w at r ¼ b and y ¼ p=4 for the angular speed profile of

Fig. 4 when a=b ¼ 3=13: (a) e=b ¼ 0; (b) e=b ¼ 0:1; and (c) e=b ¼ 0:2:
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the centroid and the rotation centre. The radial and tangential displacements increase with the
distance from the rotation centre and they have the maximum values at the outer radius. On the
other hand, for the variation of the circumferential co-ordinate y; the radial and tangential
displacements change according to patterns of cos y and sin y:
Next, the effects of misalignment on the out-of-plane displacement are investigated when the

disk has a=b ¼ 3=13 and its angular speed is prescribed by Fig. 4. The out-of-plane responses for
different values of misalignment are shown in Fig. 7. The responses are computed at a point
defined by r ¼ b and y ¼ p=4: During the interval of positive acceleration, i.e., 0ptp0:1; the
stiffening effect due to the centrifugal force decreases the amplitudes and periods as the angular
speed increases. When the disk has no misalignment, the vibration amplitudes do not change
significantly in the region of the constant angular speed, i.e., 0:1ptp0:5; as shown in Fig. 7a.
However, in the case of non-zero misalignment, the out-of-plane displacement exhibits amplitude
modulation. Figs. 7b and c, which corresponds to e=b ¼ 0:1 and 0:2 respectively, demonstrate the
amplitude modulation. This amplitude modulation, which is often called the beat phenomenon, is
observed when the natural frequencies are slightly different. As shown in Table 4, when
misalignment exists, the mode ð0; nÞ for na0 is split into the symmetric and asymmetric modes,
which have slightly different natural frequencies. A more detailed discussion on the symmetric
and asymmetric modes can be found in Refs. [8,21].
The influence of misalignment on the distributions of the out-of-plane displacement is depicted

in Fig. 8, where the square, the circle and the triangle correspond e=b ¼ 0; 0:1 and 0:2;
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Fig. 8. Distributions for the r.m.s. values of the out-of-plane displacement w during 0:1ptp0:5 when a=b ¼ 3=13;
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respectively. In Fig. 8, the values of the vertical axis are the root-mean-square (r.m.s.) values
computed for the out-of-plane displacement during 0:1ptp0:5; i.e., during the time when the
angular speed is constant. The distributions in the radial direction, as shown in Fig. 8a,
demonstrate that the r.m.s. values at y ¼ p=4 monotonically increase with the radius and they
have the maximum values at the outer radius. On the other hand, an influence of misalignment on
the circumferential distributions of the out-of-plane displacement is described in Fig. 8(b), where
the r.m.s. values are computed at r ¼ b: The r.m.s. value of the out-of-plane displacement has a
uniform distribution along the outer circumference when there exists no misalignment. However,
when the misalignment is not zero, the r.m.s. value at the outer circumference changes as a
function of y: In the case of non-zero misalignment, the r.m.s. value has the maximum value at
y ¼ 180 while it has the minimum value around y ¼ 0:Note that a point corresponding to r ¼ b
and y ¼ 0 is the farthest point from the axis of rotation and a point corresponding to r ¼ b and
y ¼ 180 is the nearest point. Therefore, the r.m.s. value increases as the distance from the axis of
rotation decreases. This phenomenon results from the fact that the stiffening effect due to rotation
becomes large with the distance from the axis of rotation to the outer circumference.

6. Conclusions

The dynamic time responses of a flexible spinning disk, which has misalignment between the
disk axis and the rotation axis, are analyzed by using the finite element method. For analysis, the
equations of motion are derived for the in-plane and out-of-plane motions. Two linear equations
for the in-plane motion have coupling between only the in-plane displacements while a non-linear
equation for the out-of-plane motion has coupling between the out-of-plane and in-plane
displacements. Based on the equations of motion, two global matrix–vector equations are
obtained by using the newly defined annular sector finite elements: one is for the in-plane motion
and the other is for the out-of-plane motion. Dynamic time responses are computed by adopting
the generalized-a time integration method without a non-linear equation solver.
It is shown from the time responses for the in-plane motion that, when a disk has misalignment,

the amplitudes of in-plane displacements at a given angular position increase with the radius while
they change with patterns of cosine or sine functions in the circumferential direction. The
corresponding deformed shape due to the in-plane displacements is symmetric with respect to the
extended line connecting the centroid and the rotation centre. On the other hand, it is observed
that the misalignment yields the amplitude modulation or the beat phenomenon in the time
responses for the out-of-plane displacement. This modulation verifies that the modes of the
misaligned disk are split into the symmetric and asymmetric modes that have slightly different
natural frequencies. Finally, it is found that the r.m.s. value for the out-of-plane displacement
increases as the distance from the axis of rotation decreases.
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